Abstract. Let (Q, n) be a commutative Noetherian local ring, and let R = Q/(x) where x is a non-zerodivisor of Q contained in n. Then a finitely generated R-module M is said to lift to Q if there exists a finitely generated Q-module M such that x is M -regular and M ∼ = M /xM . In this paper we give a general construction of finitely generated R-modules of finite projective dimension over R which fail to lift to Q provided x ∈ n 2 and the depth of R is at least 2.
Introduction
Let Q be a commutative Noetherian local ring with maximal ideal n, and let R be the quotient of Q by a proper ideal I. Suppose that M is a finitely generated R-module. To say that M lifts to Q means that there exists a finitely generated Q-module M such that Tor The motivation for studying lifting is that, in most applications, homological algebra of modules over Q is better understood than homological algebra of modules over R. Hence information involving the homological characteristics of a module over R is made more accessible upon knowing the module lifts to Q.
While it is desirable to establish sufficient conditions for the ability to lift Rmodules to Q, the purpose of this paper is to show that quite often there are R-modules which fail to lift to Q. Hochster [H] and Hoffman [Ho] have shown that there exist complete regular local rings Q of mixed characteristic, elements x ∈ n − n 2 , and, for R = Q/(x), cyclic R-modules R/a, with a generated by at least 8 elements, which fail to lift to Q. (These were given as counterexamples to "Grothendieck's lifting problem".) Peskine and Szpiro have shown [PS] that there exist finitely generated -but not necessarily cyclic -R-modules of finite projective dimension over R which fail to lift to Q whenever Q is a regular local ring and I is a principal ideal generated by x in n 2 . We show in Section 2 that there exist both non-cyclic (2.3) and cyclic (2.4) R-modules of finite projective dimension which do not lift to Q in the situation where (Q, n) is an arbitrary commutative Noetherian local ring (of sufficiently high depth) and I is generated by a Q-regular sequence with at least one generator contained in n 2 . It should be noted that the obstruction to lifting used in our constructions is different from the obstructions used by Hochster, Hoffman and Peskine-Szpiro. Suppose now that I is a principal ideal of Q generated by a non-zerodivisor. Buchsbaum and Eisenbud have shown [BE1, (9. 3)] that their structure theorem for finite free resolutions [BE1, (3.1) ] provides sufficient information to guarantee that all cyclic R-modules R/a of projective dimension 3 over R, such that a is generated by 3 elements, lift to Q. Section 3 of this paper consists of two examples, (3.2) and (3.3), which show that this lifting theorem of Buchsbaum and Eisenbud is best possible, in the sense that neither the projective dimension of R/a, nor the minimal number of generators of a can in general be increased in the hypotheses of their lifting theorem.
Section 1 below consists of definitions and an important lemma (1.1) which is used heavily in the sequel.
Preliminaries
Throughout this paper Q will denote a commutative Noetherian local ring with maximal ideal n and residue field k, and R will always denote the quotient of Q by a proper ideal I. We will assume all R-modules are finitely generated.
In this situation, we say that an R-module M lifts to Q if there exists a finitely generated Q-module M such that 
be a complex of free R-modules. We say that the complex F lifts to Q if there exists a sequence of free Q-modules with maps between them
) is a complex, and (2) L ⊗ Q R and F are isomorphic as complexes. If such a sequence (L, d) exists, we say it is a lifting of F to Q.
Let M be an R-module. Recall that a complex of free R-modules (F, ∂) is an R-free resolution of M if F i = 0 for all i < 0, F is acyclic (which means H i (F) = 0 for all i > 0), and H 0 (F) ∼ = M .
As the reader may suspect, there is a close relationship between the ability to lift R-modules and the ability to lift their resolutions. The following is a strengthening of [BE1, (9.1) ].
(1.1) Lemma. Let M be an R-module. Then the following are equivalent:
(1) M lifts to Q.
(2) Every R-free resolution of M has an acyclic lifting to Q.
There exists an R-free resolution (F, ∂) of M with some lifting to Q which is acyclic.
Whenever I is a principal ideal generated by a non-zerodivisor of Q, (3) above may be replaced by
It is an easy application of Nakayama's lemma to show that L is then actually exact at L 1 . This implies that Tor 
Since any two minimal resolutions of the same module (over the same local ring) are isomorphic as complexes, we conclude that every minimal free resolution of M lifts to Q. Now let F be an arbitrary R-free resolution of M . It is well-known that F is isomorphic to a complex of the form
where G is a minimal R-free resolution of M , and the D i are free R-modules. Since G lifts to Q, so does the complex above. Hence F lifts to Q.
(1.2) Remark. Suppose I is generated by a Q-regular sequence x 1 , . . . , x c , and let M be an R-module. Then it's easy to see that the existence of a lifting M of M to Q implies that there exist modules
, and so on. Hence lifting mod a regular sequence is equivalent to lifting mod a non-zerodivisor at each stage. It follows that (1) and (3 ) of (1.1) are equivalent when I is generated by a Q-regular sequence of arbitrary length.
Remark. The following example illustrates that the hypothesis "I is generated by a non-zerodivisor" is essential for the equivalence of (1) and (3 ) above:
XY ) (for k a field) and I := (x). Then a free R-resolution of R/(ȳ) (where¯denotes elements of Q mod x) is given by 0 → Rȳ −→ R → 0. This resolution has the obvious lifting 0 → Q y −→ Q → 0 to Q. However, this lifting is not acyclic.
The existence
In this section we establish the existence of unliftable modules in the situation where some member of a minimal set of generators of I is contained in the square of the maximal ideal of Q.
(2.1) Lemma. Let x 1 , . . . , x c be a minimal generating set for the ideal I. Suppose K is a proper ideal of Q containing I such that x 1 ∈ nK. Then for each ideal J of
Proof. Let m 1 , . . . , m e be a minimal generating set of K. Write
with r i ∈ n for all i.
Suppose that J is an ideal of Q with I + J = K. For each i, 1 ≤ i ≤ e, write m i = m i + m i , where m i ∈ I and m i ∈ J. After substituting these expressions for the m i into (2.1.1) and rearranging, we see that
Since r i m i ∈ nI, the element x 1 − r 1 m 1 − · · · − r e m e is a member of a minimal generating set of I, and therefore cannot belong to the ideal IJ. Hence IJ = I ∩ J. (1) and (2) simultaneously.
Such modules Q/K as in (2.2) are likely to have infinite projective dimension over R. Since in many cases (for instance, when Q is regular but R is not) infinite projective dimension is itself an obstruction to lifting, and since many important homological questions involve modules of finite projective dimension, it is of interest to establish the existence of R-modules of finite projective dimension over R which fail to lift to Q. To achieve this, we will restrict our situation to where I is generated by a Q-regular sequence, and then use (2.2).
For an R-module M , we let M * denote the R-module Hom R (M, R); for a Qmodule N , we let N ∨ denote the Q-module Hom Q (N, Q). When M is non-zero, we let grade R M denote the non-negative integer min{i| Ext Suppose that M (A, j) does lift to Q. By (1.1), there exists a lifting (L, d) of
2) says that A lifts to Q, which is a contradiction.
The module M (A, j) whose existence is asserted in (2.3) is most often not cyclic. However, we can produce examples of cyclic modules which fail to lift to Q if the depth of R is large enough: 
is an m th syzygy module of finite projective dimension over R. Let r := rank(image ∂ * j−1 ). (Every R-module of finite projective dimension over R has a rank [BH, (1.4.5) ].) Now Satz 3 of [B] establishes the existence of an acyclic complex E(A, j, m) : 0 → F * 0
Let a(A, j, m) := image f 1 . We claim that R/a(A, j, m) does not lift to Q. Suppose that R/a(A, j, m) does lift to Q. Then, by (1.1), there exists a lifting
This in turn means that the complex 0 → L
Remark. Note that if m ≥ 2 in the hypotheses of (2.4) (which forces depth R ≥ 5), then a(A, j, m) is generated by 3 elements. It is known that if a is an ideal of R generated by ≤ 2 elements and R/a has finite projective dimension over R, then pd R R/a ≤ 2 [BE2, Theorem 2]. If the projective dimension over R of a cyclic R-module R/a is 2, the Hilbert-Burch Theorem implies that R/a lifts to Q. (See [BE1, (9. 2)].) If pd R R/a = 1 then (a is principal and) R/a lifts to Q trivially by (1.2).
Examples
Assume that I is a principal ideal generated by a non-zerodivisor x. The lifting theorem of Buchsbaum and Eisenbud [BE1, 9.3] states that every cyclic R-module R/a, such that pd R R/a = 3 and a is generated by 3 elements, lifts to Q. (Their lifting theorem holds even when x ∈ n−n 2 .) The purpose of this section is to present two examples which show, in the case where x ∈ n 2 , that this lifting theorem of Buchsbaum and Eisenbud cannot in general be extended to cyclic modules defined by an ideal needing 3 generators and of projective dimension greater than 3, nor to projective dimension 3 cyclic modules defined by an ideal needing more than 3 generators. The method used to obtain these examples is similar to the method of (2.4). However, we need a lemma, a more technical version of (1.1), (which holds for any proper ideal I of Q) in order to prove that these examples do not lift. We state this lemma now and defer its proof to the end of the section.
If B is a matrix with entries in R, we shall call a matrix A with entries in Q a lifting of B to Q if the (i, j)-th entry of the matrix A is a pre-image of the (i, j)-th entry of the matrix B, for all i and j. 
is an acyclic complex. Then pd R R/a = 4 and R/a does not lift to Q.
Proof. It can be shown (say, with MACAULAY [Mac] ) that there is a minimal free resolution of R/a of the form
where, with respect to the standard bases of R, R 5 and R 6 , the matrices
represent the maps ∂ 4 and ∂ 3 , respectively. Suppose that R/a lifts to Q. Then, by (3.1), there exist liftings∂ 4 and∂ 3 to Q of the matrices ∂ 4 and ∂ 3 , respectively, such that the product matrix∂ 3∂4 is the zero matrix. Writẽ
, and
for the 6 th row of∂ 3 , where the r i and s i are in Q and f := X 1 X 2 −X 2 3 . We see then that the (6, 1)-entry in the product matrix∂ 3∂4 , after expanding and regrouping, has the form f + rf , where r ∈ n. As this element is clearly non-zero in Q, we have reached a contradiction. Hence R/a does not lift to Q. 
respectively. Let∂ 3 and∂ 2 be liftings to Q of the matrices representing ∂ 3 and ∂ 2 , respectively. Write∂ 3 =     −X 1 + r 1 f −X 2 + r 2 f X 4 + r 3 f X 3 + r 4 f     and X 2 + s 1 f 0 + s 2 f 0 + s 3 f X 3 + s 4 f for the 4 th row of∂ 2 , where the r i and s i are in Q and f := X 1 X 2 − X 2 3 . Then the (4, 1)-entry of the product matrix∂ 2∂3 has the form −f + rf , where r ∈ n. As this element is non-zero in Q, there cannot exist a lifting to Q of the R-module R/b.
Remark. There is nothing special about the element X 1 X 2 − X 2 3 in (3.2) and (3.3). Undoubtedly one can produce similar examples for any polynomial ring mod a nonzero element in the square of the maximal ideal (provided the depth of the ring is large enough).
Proof of (3.1). Since M lifts to Q, by (1.1), there exists an acyclic lifting (L, d) of (F, ∂) to Q. Let f : L⊗ Q R → F be a chain isomorphism. Choose liftings f i : L i → Q bi of each of the isomorphisms f i : L i ⊗ Q R → R bi , and liftings ∂ i to Q of each matrix ∂ i . Note that eachf i is an isomorphism. For all i consider the diagram
We havef is an acyclic complex.
